We construct models of universe with a generalized equation of state p = (αρ + kρ 1+1/n )c 2 having a linear component and a polytropic component. The linear equation of state p = αρc 2 describes radiation (α = 1/3), pressureless matter (α = 0), stiff matter (α = 1), and vacuum energy (α = −1). The polytropic equation of state p = kρ 1+1/n c 2 may be due to Bose-Einstein condensates with repulsive (k > 0) or attractive (k < 0) self-interaction, or have another origin. In this paper, we consider positive indices n > 0. In that case, the polytropic component dominates in the early universe where the density is high. For α = 1/3, n = 1 and k = −4/(3ρP ), we obtain a model of early universe describing the transition from a pre-radiation era to the radiation era. The universe exists at any time in the past and there is no singularity. However, for t < 0, its size is less than the Planck length lP = 1.62 10 −35 m. In this model, the universe undergoes an inflationary expansion with the Planck density ρP = 5.16 10 99 g/m 3 that brings it to a size a1 = 2.61 10 −6 m at t1 = 1.25 10 −42 s (about 20 Planck times tP ). For α = 1/3, n = 1 and k = 4/(3ρP ), we obtain a model of early universe with a new form of primordial singularity: The universe starts at t = 0 with an infinite density and a finite radius a = a1. Actually, this universe becomes physical at a time ti = 8.32 10 −45 s from which the velocity of sound is less than the speed of light. When a ≫ a1, the universe evolves like in the standard model. We describe the transition from the pre-radiation era to the radiation era by analogy with a second order phase transition where the Planck constanth plays the role of finite size effects (the standard Big Bang theory is recovered forh = 0).
Models of universe with a polytropic equation of state I. The early universe describes radiation (α = 1/3), pressureless matter (α = 0), stiff matter (α = 1), and vacuum energy (α = −1). The polytropic equation of state p = kρ 1+1/n c 2 may be due to Bose-Einstein condensates with repulsive (k > 0) or attractive (k < 0) self-interaction, or have another origin. In this paper, we consider positive indices n > 0. In that case, the polytropic component dominates in the early universe where the density is high. For α = 1/3, n = 1 and k = −4/(3ρP ), we obtain a model of early universe describing the transition from a pre-radiation era to the radiation era. The universe exists at any time in the past and there is no singularity. However, for t < 0, its size is less than the Planck length lP = 1. 62 10 −35 m. In this model, the universe undergoes an inflationary expansion with the Planck density ρP = 5. 16 10 99 g/m 3 that brings it to a size a1 = 2.61 10 −6 m at t1 = 1. 25 10 −42 s (about 20 Planck times tP ). For α = 1/3, n = 1 and k = 4/(3ρP ), we obtain a model of early universe with a new form of primordial singularity: The universe starts at t = 0 with an infinite density and a finite radius a = a1. Actually, this universe becomes physical at a time ti = 8.32 10 −45 s from which the velocity of sound is less than the speed of light. When a ≫ a1, the universe evolves like in the standard model. We describe the transition from the pre-radiation era to the radiation era by analogy with a second order phase transition where the Planck constanth plays the role of finite size effects (the standard Big Bang theory is recovered forh = 0).
I. INTRODUCTION
The discovery of the expansion of the universe and the concept of a singularity from which the universe emerged (Big Bang) has an interesting history [1, 2] . In this introduction, we provide a brief review of the early development of modern cosmology, describing very elementary (yet fundamental) cosmological models that will play an important role in our study.
In 1917, Einstein [3] applied the equations of general relativity to cosmology, assuming that the universe is homogeneous and isotropic. On the ground of cultural and philosophical beliefs, he considered a static universe. In order to accommodate for such a solution, he had to introduce a cosmological constant Λ in the equations of general relativity 1 . He obtained a model of the universe with a positive curvature k = +1 that is finite (yet unbounded) with a "radius" a E = c/ √ Λ, a density ρ E = Λ/4πG, and a mass M E = πc 3 /2G √ Λ. The same year, de Sitter [5, 6 ] discovered another static solution of the Einstein equations (according to the review 1 As a preamble to his paper, Einstein [3] considered the Newtonian approximation and replaced the Poisson equation by an equation of the form ∆Φ − (Λ/c 2 )Φ = 4πGρ, so as to obtain a static solution Φ = −4πGρc 2 /Λ. In Einstein's belief, the Newtonian effect of the cosmological constant was to shield the gravitational interaction on a distance c/ √ Λ. This is actually incorrect. Lemaître [4] was the first to understand that the cosmological constant can be interpreted as a force of "cosmic repulsion". In the Newtonian context, the modified Poisson equation including the cosmological constant is ∆Φ = 4πGρ − Λ, leading to the static solution ρ = Λ/4πG. of Robertson [7] , this solution was suggested to de Sitter by Ehrenfest). This universe is empty (ρ = 0) and has a radius a dS = c 3/Λ. In this model, the stars and nebulae are just "test particles" that do not curve the universe. De Sitter managed to predict that the light emitted by these sources should be redshifted because (i) they move away from the observer due to the effect of the cosmological constant, and (ii) there is a slowing down of time with increasing distance from the observer (de Sitter effect). He mentioned that some observations (presumably those made by Slipher since 1912) seem to confirm that claim. He also predicted a linear, or quadratic, relationship between the redshift and the distance. However, his interpretation of the redshifts remained enigmatic for a long time. Therefore, the early cosmological debate revolved around two deficient models: The model of Einstein which was unable to explain redshifts, and the model of de Sitter which contained no matter and was rather mysterious. Both were built on the assumption that the universe is static.
In 1922 and 1924, Friedmann [8, 9 ] discovered nonstatic cosmological solutions of the Einstein equations describing the temporal variation of space. He considered the case of spherical (positive curvature k = +1) and hyperbolic (negative curvature k = −1) universes. He described expanding and contracting solutions, as well as cyclic solutions, and foresaw the possible beginning of the universe in a singularity. He obtained for the first time an estimate of the age of the universe of the order of 10 billion years. At that time, Einstein did not believe in the significance of these non stationary solutions. He first argued that the Friedmann solutions were not compatible with the field equations of general relativity [10] , then retracted his statement [11] but remained convinced that the Friedmann solutions are not physically relevant [1, 2] . Apart from Einstein, who criticized them, the papers of Friedmann remained unnoticed by the physical community until 1930.
In 1922, Lanczos [12] found a non-stationary form of de Sitter's solution in which the scale factor increases exponentially rapidly. He had the key to an expanding universe but did not recognize its physical significance. In 1923, Weyl [13] published a paper in which he tried to find his own way to de Sitter's redshift. He noted that the particles in de Sitter's universe move away from each other with a velocity proportional to their distance, but did not provide an explicit system of coordinates to make his claim more precise. In 1925, Lemaître [14] found a system of coordinates in which de Sitter's model is nonstatic and leads to a linear relationship between the velocity (redshift) and the distance. This model explains the redshifts of distant objects in an unambiguous way. This model is Euclidean k = 0 (which was problematic for Lemaître) and the scale factor increases exponentially rapidly with time due to the cosmological constant.
In 1927, Lemaître [15] rediscovered independently from Friedmann the non-stationary cosmological solutions of the Einstein equations. In addition, having spent two years in Harvard and at the MIT, he was aware of cosmological observations and related the expansion of space predicted by the theory of general relativity to the recession motion of galaxies observed by Slipher, Hubble and Strömberg. He interpreted the redshift of the nebulae as a consequence of the expansion of the universe, predicted a linear relationship between the recession velocity and the distance (the nowdays called "Hubble relationship") and, using available data [16] , obtained an estimate of the "Hubble constant" H =ȧ/a = v/r two years before Hubble [17] 2 . The work of Lemaître, like the one of his predecessor Friedmann, was still not appreciated by Einstein who found it "abominable" [1, 2] .
In 1928 and 1929, Robertson [19, 20] reinterpreted de Sitter's solution dynamically. However, like Lanczos [12] and Weyl [13] , he did not "see" the expanding universe. Hubble law and the discovery of the expansion of the universe should be attributed in part to Lemaître, especially if we consider that Hubble did not relate his observations to the expansion of space in the theory of general relativity (and was later reluctant in accepting this idea), while this was Lemaître's main motivation. Indeed, Hubble interpreted the redshifts in terms of de Sitter's effect in a static universe, while Lemaître was the first to connect them to the expansion of the universe. Unfortunately, the paper of Lemaître was totally ignored at that time because it was published in French in a rather inaccessible Belgian journal. His paper was translated in English in 1931 [18] , but for unknown reasons, the important paragraph of the paper where Lemaître gives the relation of proportionality between the recession velocity and the distance, and extracts the Hubble constant, is condensed into a single sentence. Because of this omission, Lemaître is not recognized on the same footing as Hubble for being the discoverer of the expansion of the universe [1, 2].
In 1930, Eddington, who was working with McVittie on possible dynamical solutions of the cosmological Einstein equations (following a discussion that he had with de Sitter during a meeting of the Royal Astronomical Society [21] ), was alerted by Lemaître about his own results. He publicized them in a paper [22] in which he showed that the Einstein static universe is unstable (a result that was implicit in the paper of Lemaître). He also emphasized a non-singular solution of Lemaître in which the universe starts from the static solution of Einstein for t → −∞, then expands (this model is often called the Eddington-Lemaître model). In parallel, de Sitter advertised Lemaître's discovery of an expanding universe in several publications [23, 24] . Together with the supporting observations of Hubble [17] , and independent theoretical work by Robertson [19, 20] , this really meant the demise of the static universe.
In 1931, Einstein was forced to admit the theoretical and observational reality of the expansion of the universe. He took an extreme position and renounced to the cosmological constant [25] that he considered being the "biggest blunder" of his life (in contrast, Lemaître [4] always defended the cosmological constant as one of the most fundamental ingredients of modern cosmology). In 1932, Einstein published with de Sitter a one-page paper [26] in which they consider an expanding universe in a Euclidean space (zero curvature k = 0) without pressure (p = 0) and without cosmological constant (Λ = 0). This is the celebrated Einstein-de Sitter (EdS) solution that describes the matter era. The main motivation of these authors was to show that an expansion of the universe is possible even without the cosmological constant.
In the meantime, Lemaître had gone one step further. If the universe is expanding, it may have started from a singularity in the past. In 1931, he proposed a model [27] in which the universe begins its expansion from a singular initial state 3 , or more precisely, from a near-singularity that he called the "primeval atom" [29] 4 . This expansion is followed by a phase of stagnation during which the universe remains close to the static Einstein solution. In Lemaître's model, it is during this phase of stagnation that galaxies form. At later times, the universe enters in the de Sitter phase of exponential expansion. A new controversy started with Einstein who did not believe in the singular model of Lemaître that implies that the universe has a "beginning". This controversy remained until the end of their life. On the other hand, in 1960, Fred Hoyle, who promoted a "steady state theory" [31] in which the universe has always been identical to itself and in which matter is created spontaneously, and continuously, made fun of Lemaître during a meeting in Pasadena by introducing him as the "Big Bang man" [1] . This is how the term "Big Bang" was introduced in cosmology and became popular.
Up to the mid-1960's, it was not clear whether the early universe had been hot or cold. The discovery by Penzias and Wilson [32] of the 2.7 K cosmic microwave background radiation (CMB), whose existence had been predicted by the hot universe theory [33] [34] [35] , immediately led widespread acceptance to the Big Bang theory. According to that theory, the early universe was filled with an ultrarelativistic gas of photons, electrons, positrons, quarks, antiquarks, etc. This is described by an equation of state p = ρc 2 /3 from which it is easily deduced that the scale factor evolves as a ∝ t 1/2 , the density as ρ ∝ t −2 , and the temperature as T ∝ t −1/2 . At t = 0, the scale factor vanishes while the energy density and the temperature become infinite. This is why the point t = 0 is known as the point of the initial cosmological singularity (Big Bang). As the universe expands, the density and the temperature decrease. When the universe is sufficiently cooled, particles and antiparticles annihilate each other, the photon-gas energy density falls off relatively rapidly and the main contribution of the matter density starts to come from the small excess of baryons over antibaryons, as well as from other fields and particles which now comprise the dark matter. However, the hot universe theory suffers from a series of difficulties. The first difficulty is the singularity problem. The energy density goes to +∞ at t = 0 and the solution cannot be formally continued for t < 0. A natural question is: "What was before t = 0?". Of course, one can argue that space and time started with the Big Bang, so that this question is meaningless. However, this answer is not quite satisfactory. On the other hand, close to the Big Bang, the density can be arbitrarily large. This is in conflict with the laws of physics. When the density becomes high enough, quantum effects should be taken into account in the problem 5 . As a result, the Planck density ρ P = c 5 /G 2h = 5.16 10 99 g/m 3 , the Planck length l P = (Gh/c 3 ) 1/2 = 1.62 10 −35 m, the Planck mass M P = (hc/G) 1/2 = 2.17 10 −5 g, the Planck temperature T P = M P c 2 /k B = 1.42 10 32 K, and the Planck time t P = (hG/c 5 ) 1/2 = 5.39 10 −44 s should play a fundamental role in the very early universe.
The standard Big Bang theory suffers from other problems that are known as the flatness problem (or the finetuning problem), the horizon problem (or the causality problem), and the monopole problem. These problems can be solved at one stroke in the framework of inflationary cosmology [37, 38] . In that scenario, the universe was in an unstable vacuum-like state described by some hypothetical scalar field φ with its origin in quantum fluctuations. This leads to an equation of state p = −ρc 2 , implying a constant energy density ρ, of the order of the Planck density ρ P , called the vacuum energy. As a result of this vacuum energy, the universe expands exponentially rapidly in a tiniest fraction of a second. This "inflation" can solve the above-mentioned problems. At the same time, the inflation theory predicts the scale invariant spectrum of the primordial density fluctuations and explains why the universe is spatially flat (or behaves as if it were spatially flat due to the smallness of k/a 2 ). This is therefore a very attractive theory. In this paper, we propose a model of the early universe based on a polytropic equation of state with index n = 1. Before that, we first explain how we came to such a description.
In previous works [39] [40] [41] , we explored the possibility that the universe is filled with self-gravitating BoseEinstein condensates (BEC) with short-range interactions (see a detailed list of references in [39] and recent additional references in [42] ). In the strong coupling limit (the so-called Thomas-Fermi approximation), the equation of state of the BEC is p = (2πa sh 2 /m 3 )ρ 2 , where a s is the scattering length [43] . This is the equation of state of a polytrope with index n = 1 [44] . Initially, this model was introduced in order to describe dark matter halos. A nice feature of the BEC model is that it avoids the presence of cusps at the center of the halos because of the effective repulsion due to the Heisenberg principle or because of the self-interaction of the bosons which plays the same role as the Pauli exclusion principle for fermions 6 . Since cusps are not observed in real dark matter halos, the BEC model (or the fermion model) is favored as compared to the standard cold dark matter (CDM) model that predicts cuspy density profiles. Of course, at large scales, these models become equivalent.
The BEC model was then applied to cosmology in order to describe the evolution of the universe as a whole [45] [46] [47] [48] [49] [50] . In [47] , we investigated the evolution of a "BEC universe" with an equation of state of the form p = kρ 2 c 2 . We considered the case of repulsive (k > 0) and attractive (k < 0) self-interaction. More generally, we studied a "cosmic fluid" described by an equation of state of the form p = (αρ + kρ 2 )c 2 . When k = 0, we recover the standard linear equation of state p = αρc 2 describing radiation (α = 1/3), pressureless matter (α = 0), stiff matter (α = 1), and vacuum energy (α = −1). Therefore, the generalized equation of state p = (αρ + kρ 2 )c 2 can be viewed as the sum of a linear term describing 6 If dark matter halos are made of self-gravitating fermions, the cusps are prevented by the Pauli exclusion principle; see [39] for discussions and references. a "classical" universe and a quadratic term due to the BEC. At late times, when the density is low, the effect of the BEC is negligible and we recover the classical universe. On the contrary, the effect of the BEC becomes important in the early universe where the density is high. Therefore, it is interesting to study how the BEC affects the early evolution of the universe. In our previous paper [47] , we assumed that BECs form after the radiation era, when the temperature has sufficiently decreased. This prevented us from extrapolating the solution before the radiation era (see the Remark in Sec. 8.2 of [47] ). In the present paper, we explore the possibility that the equation of state p = kρ 2 c 2 may hold before the radiation era. Therefore, we assume that the early universe is described by an equation of state of the form p = (αρ + kρ 2 )c 2 with α = 1/3. Actually, the study of this generalized equation of state is interesting even if its origin is not connected to BECs. Furthermore, for this class of models, the Friedmann equations can be solved analytically, which is an additional source of motivation. First results were given in [45, 47] where it was shown that the repulsive and attractive models behave very differently. For repulsive self-interactions (k > 0), the universe starts at t = 0 from a singularity at which the density is infinite but the radius finite. For attractive self-interactions (k < 0), the universe always existed in the past. For t → −∞, its density tends to a constant value while its radius tends to zero exponentially rapidly.
In the present paper, we complete the study of the generalized equation of state p = (αρ + kρ 2 )c 2 . First, we analyze its thermodynamical properties and study the temporal evolution of the temperature. Secondly, for k < 0, we show that the exponential growth of the scale factor can account for a phase of inflation with constant density that we identify with the Planck density ρ P . Finally, taking α = 1/3, we study the transition between a pre-radiation era and the radiation era. We mention the analogy with a second order phase transition where the control parameter is the time t, the order parameter is the scale factor a(t), and the Planck constanth plays the role of finite size effects (the standard Big Bang theory is recovered forh = 0). For k < 0, the radius of the universe passes from a i = l P = 1. 62 10 −35 m at t = t i = 0 to a 1 = 2.61 10 −6 m at t = t 1 = 1.25 10 −42 s before entering in the radiation era and increasing algebraically as t 1/2 . During the inflationary phase, the density remains approximately constant with the Planck value (ρ ≃ ρ P = 5. 16 10 99 g/m 3 ) before decreasing as t −2 . The temperature passes from T i = 5. 54 10 −173 K at t = t i = 0 to T 1 = 3.93 10 31 K at t = t 1 before decreasing algebraically as ∼ t −1/2 . It achieves its maximum value T e = 7.40 10 31 K at t = t e = 1.27 10 −42 s. For k < 0, the initial radius of the universe a(0) = a 1 = 2.61 10 −6 m is already "large" so there is no inflation. The velocity of sound is less than the speed of light only for t > t i = 8.32 10 −45 s, corresponding to a i = 3.90 10 −6 m, ρ i = 1. 29 10 99 g/m 3 , and T i = 1.64 10 32 K. This marks the beginning of the physical universe in this model. The paper is organized as follows. In Sec. II, we recall the basic equations of cosmology and discuss famous cosmological models. In Secs. III and IV, we study the generalized equation of state p = (αρ + kρ 1+1/n )c 2 for any value of the parameters α, k and n > 0. We discuss two classes of solutions depending whether k is positive or negative. In Secs. V and VI, we consider a specific model of physical interest corresponding to α = 1/3, n = 1, and k = ±4/(3ρ P ). For k < 0 (negative polytropic pressure), we get a model of inflationary universe without singularity. It describes in a unified manner the transition from a pre-radiation era to the radiation era. For k > 0 (positive polytropic pressure), we get a model of non-inflationary universe with a new type of initial singularity. In Sec. VII, we develop an analogy with second order phase transitions where the Planck constant plays the role of finite size effects.
II. BASIC EQUATIONS OF COSMOLOGY
In this section, we recapitulate the basic equations of cosmology [51] and discuss some famous models of universe that were mentioned in the Introduction. This will prepare the ground for the next sections in which we discuss generalized cosmological models. Some readers may directly go to Sec. III.
A. The Einstein equations
In a space with uniform curvature, the line element is given by the Friedmann-Lemaître-Roberston-Walker (FLRW) metric
where a(t) represents the radius of curvature of the 3-dimensional space, or the scale factor. By an abuse of language, we shall call it the "radius of the universe". On the other hand, k determines the curvature of space. The universe can be closed (
If the universe is isotropic and homogeneous at all points in conformity with the line element (1), and contains a uniform perfect fluid of energy density ǫ(t) = ρ(t)c 2 and isotropic pressure p(t), the energy-momentum tensor T i j is
The Einstein equations
relate the geometrical structure of the spacetime (g ij ) to the material content of the universe (T ij ). For the sake of generality, we have included the cosmological constant Λ. Given (1) and (2), these equations reduce to
8πG
where dots denote differentiation with respect to time. These are the well-known cosmological equations first derived by Friedmann [8, 9] .
B. The Friedmann equations
The Friedmann equations are usually written in the form
where we have introduced the Hubble parameter H = a/a. Among these three equations, only two are independent. The first equation, which can be viewed as an "equation of continuity", can be directly derived from the conservation of the energy momentum tensor ∂ i T ij = 0 which results from the Bianchi identities. For a given barotropic equation of state p = p(ρ), it determines the relation between the density and the scale factor. Then, the temporal evolution of the scale factor is given by Eq. (8) .
Equivalent expressions of the "equation of continuity" are
Introducing the volume V = (4/3)πa 3 and the energy E = ρc 2 V , Eq. (10) becomes dE = −pdV . This can be viewed as the first principle of thermodynamics for an adiabatic evolution of the universe dS = 0. This thermodynamical interpretation of the Friedmann equation (6) was first given by Lemaître [15, 18] .
In most parts of this paper (except in Sec. II D), we shall take Λ = 0. This is because we are interested in the very early universe in which the pressure of radiation dominates over the dark energy (cosmological constant). On the other hand, we consider a flat universe (k = 0) in agreement with the observations of the cosmic microwave background (CMB) [52] . Then, the Friedmann equations reduce to dρ dt
The Friedmann equations can also be derived in the context of Newtonian cosmology. In this framework, Milne [53] and McCrea & Milne [54] first obtained the Friedmann equations without pressure (i.e. for c → +∞). Later, McCrea [55] introduced relativistic effects in Newtonian cosmology and obtained the complete set of Friedmann equations with pressure. Another derivation was given by Harrisson [56] who obtained a relativistic generalization of the Euler-Poisson system in the context of Newtonian cosmology. Finally, the continuity equation was corrected in a recent paper by Lima et al. [57] . Actually, the derivation of the Friedmann equations with relativistic effects (pressure) from Newtonian cosmology was first exposed by Lemaître [29] as early as 1931 (see also [58] ). However, for Lemaître, the Newtonian derivation of the cosmological equations is just a pedagogical means and does not reflect the true (relativistic) nature of the problem. In modern textbooks of astrophysics [52, 59] , Newtonian cosmology with pressure is presented as a rigorously valid description of the universe in a region small compared to the Hubble length c/H.
Remark: Considering Eq. (7), we see that the cosmological constant corresponds to a force F = Λa/3 in the Newtonian interpretation. A positive cosmological constant (de Sitter) acts as a force of cosmic repulsion and a negative cosmological constant (anti de Sitter) acts as a force of cosmic attraction whose effect is similar to that of a harmonic oscillator. On the other hand, a positive pressure has an attractive character while a negative pressure has a repulsive character. Gravity is attractive (the universe decelerates) when ρ + 3p/c 2 > 0 and repulsive (the universe accelerates) when ρ + 3p/c 2 < 0.
C. The thermodynamical equation
From the first principle of thermodynamics
one can derive the thermodynamical equation [51] :
For a given barotropic equation of state p = p(ρ), this equation can be used to obtain the relation T = T (ρ) between the temperature and the density. Combining Eq. (16) with Eq. (11), we get
where
is the entropy of the universe in a volume a 3 . This confirms that the Friedmann equations (6)- (8) imply the conservation of the entropy [51] .
D. Famous models of the universe
In 1917, Einstein [3] constructed a static model of the universe. He assumed that the universe if filled with a pressureless gas (p = 0) and introduced a cosmological constant Λ in the equations of general relativity
The same year, de Sitter [5, 6] found another cosmological solution of the Einstein field equations corresponding to an empty universe (p = ρ = 0) with a cosmological constant Λ > 0. In his original article, he aimed at constructing a static solution. He obtained a radius a dS = c 3/Λ. However, it was understood later by Lemaître [14] that, by using a proper change of variables in the metric, the de Sitter solution actually describes a dynamical universe whose radius increases exponentially rapidly with time. Setting p = ρ = 0 and k = 0 in Eqs. (6)- (8), we get
In this model, the Hubble parameter is constant: H = a/a = Λ/3. It can be written H = c/a dS where 7 Actually, there exist another static solution of the Einstein equations without cosmological constant corresponding to p = −(1/3)ρc 2 , k = +1 and ρ = 3c 2 /(8πGa 2 ).
a dS = c 3/Λ is the radius of the original (static) de Sitter model. The solution (21) describes an empty universe (ρ = 0) that expands because of the repulsive nature of the cosmological constant. Any model with Λ > 0 goes to a de Sitter model for a → +∞. The Lemaître model of 1927 corresponds to k = +1, Λ > 0, p = 0 and ρ > 0 [15, 18] . The equation of continuity (6) implies ρa 3 ∝ 1 which can be interpreted as the conservation of mass-energy for a pressureless universe. We can write this relation in the form ρ = αM E /(2π 2 a 3 ), where M E is Einstein's mass and α is a dimensionless constant. Introducing the dimensionless scale factor R = a/a E and the dimensionless time τ = √ Λt, we can rewrite the Friedmann equation (8) in the form
For α = 1, this equation admits the static Einstein solution R = 1 (i.e. a = a E ). However, as shown by Lemaître [15, 18] , and emphasized by Eddington [22] , this solution is unstable and, for sufficiently large times, the radius of the universe expands. This solution, according to which the radius of the universe is equal to the Einstein radius for τ → −∞ and increases for large times (behaving ultimately like the de Sitter solution (21) for τ → +∞) is called the Eddington-Lemaître model (see Fig. 1 ). This model does not have an initial singularity. For α = 1, the differential equation (22) has the analytical solution
where τ is defined up to an additional constant. For τ → −∞, we obtain
with
To the best of our knowledge, these expressions have not been given previously.
In 1931, Lemaître [27] considered a model in which α is slightly larger than one (i.e. it contains more matter than the static Einstein model). This model starts from a singularity at t = 0. The radius first increases as R ∼ (3α/2) 1/3 τ 2/3 (this corresponds to the solution (33) found later by Einstein & de Sitter [26] ), then slows down and reaches a minimum rate at R ≃ α 1/3 , after which it re-expands rapidly, ultimately approaching the de Sitter solution (21) for τ → +∞. The main feature of this model is the existence of a "stagnation period"
8 during which the radius remains close to R ≃ α 1/3 . During the stagnation period, the differential equation (22) takes the approximate forṁ
whose solution is [51] :
where τ m is the time at whichṘ reaches its minimum. If α is close to unity, then a will remain close to the Einstein static value a E for a long time ∆τ = | ln(1 − α −2/3 )|. For α = 1, we recover the Eddington-Lemaître model. However, the historical interest of the Lemaître model [27] of 1931 is that it predicts for the first time that the universe may have emerged from a singularity (or nearsingularity) at t = 0 in which the radius is equal to zero and the density is infinite. This is what Lemaître called the "primeval atom" [29] , and which became later the Big Bang theory.
E. Linear equation of state
In early works of cosmology, it was assumed that the universe is pressureless (p = 0). In later works, pressure effects have been taken into account. Many workers have considered a linear equation of state
with −1 ≤ α ≤ 1. The pressure is positive for α > 0 and negative for α < 0. For this equation of state, the Friedmann equations (12) leads to the relation
In the following, we assume α = −1 (the case α = −1 is treated in Sec. II E 4). Substituting Eq. (29) in Eq. (14) and solving the resulting equation for a(t), we find that the radius of the universe increases with time as
We have considered expanding solutions and defined the origin of time t = 0 such that a(0) = 0. The Hubble parameter and the density decrease with time as
In all these models, the universe is singular at t = 0. The radius vanishes while the density and the Hubble parameter are infinite (Big Bang singularity).
For the equation of state (28), the thermodynamical equation (16) can be integrated into
The temperature decreases with time when α > 0 and increases with time when α < 0. According to Eq. (13), the universe is decelerating for α > −1/3 and accelerating for α < −1/3. For α = −1/3, the scale factor increases linearly with time (a ∝ t).
Finally, the square of the velocity of sound is c
The velocity of sound is real for α ≥ 0 (it is less than the speed of light for α ≤ 1) and imaginary for α < 0. It vanishes for α = 0.
Matter (Einstein-de Sitter universe)
A pressureless universe (p = 0) made of baryonic matter or dark matter (dust) corresponds to α = 0. This is the so-called Einstein-de Sitter (EdS) universe. In this model,
Radiation
The equation of state of a radiation (photon gas) is p = ρc 2 /3, corresponding to α = 1/3. This yields
The relation between the energy density and the temperature corresponds to the Stefan-Boltzmann law
Introducing the Planck scales, we can write the foregoing equations in the form
Stiff equation of state
A stiff equation of state p = ρc 2 , for which the velocity of sound c s = (dp/dρ) 1/2 is equal to the speed of light c, corresponds to α = 1. In that case,
Vacuum energy and dark energy
For the equation of state p = −ρc 2 , corresponding to α = −1, the density and the Hubble parameter are constant
and the scale factor increases exponentially rapidly as
Lemaître [58] was the first to understand that the effect of the cosmological constant Λ is equivalent to that of a fluid with density ρ = ρ Λ ≡ Λ/8πG [see Eq. (8) or (21)] described by an equation of state p = −ρc 2 . He interpreted ρ Λ as the vacuum energy. The origin of the vacuum energy was later discussed by Sakharov [60] and Zeldovich [61] in relation to quantum field theory. However, there is a fundamental difficulty in interpreting ρ Λ as the vacuum energy because quantum field theory predicts that the vacuum energy density should be of the order of ρ P which is 122 orders of magnitude larger than ρ Λ . This is known as the cosmological constant problem [62] . Therefore, ρ Λ may not be related to the vacuum energy (hence to quantum fluctuations) but could be a fundamental property of general relativity (see discussion in Paper II). In the modern terminology, the effect of the cosmological constant, or the effect of an exotic fluid, on the accelerated expansion of the universe is called dark energy [63] . The equation of state p = −ρc 2 also appeared in the paper of McCrea [55] in his discussion of the steady state theory of Hoyle [31] . In this theory, in which there is a continuous creation of matter, the density and the Hubble parameter are constant, leading to Eq. (46) . According to Hoyle [31] , a continuous creation of matter can be achieved by a proper modification of the Einstein equations. McCrea [55] noted that the same result could be obtained with an equation of state p = −ρc 2 without invoking creation of matter and without having to modify the Einstein equations.
The equation of state p = −ρc 2 also appeared in inflationary models of the early universe [38] . It leads to a constant density which is identified with the Planck density ρ P . In that case, this equation of state may well be related to the vacuum energy density.
F. Necessity of the inflation
The previous models, based on a linear equation of state, lead to a finite time singularity at t = 0 (except the model with α = −1). This poses several problems.
We briefly recall what the problems are and show in the next sections how a modification of the equation of state can resolve them.
We call H 0 the present value of the Hubble constant (the subscript 0 refers to present-day values). The Hubble time is 1/H 0 . It gives an estimate of the age of the universe. The characteristic "size" of the universe (distance of the cosmological horizon) is the Hubble length a 0 = c/H 0 . Using H 0 = 2.27 10 −18 s −1 , we find that 1/H 0 = 4.41 10 17 s and a 0 = 1.32 10 26 m. For a flat space (k = 0), the density of the universe ρ 0 can be obtained from the Friedmann equation
Numerically, ρ 0 = 9.20 10 −24 g/m 3 . On the other hand, the temperature measured from the cosmic microwave background (CMB) is T 0 = 2.73 K.
The early universe is dominated by radiation. In the standard model, the radiation phase leads to a finite time singularity at t = 0 (Big Bang). It is expected that quantum mechanics will come into play at the Planck time t P when the universe is very "small". At that time, the density and the temperature are (see Sec. II E 2):
and
T P = 6.54 10 31 K.
The particle horizon at the Planck time is of the order of the Planck length l P = ct P = 1.62 10 −35 m. Since T (t)a(t) is invariant during the evolution of the universe, we have
If we take a(t P ) = l P , we find that the present size of the universe is of order 3.87 10 −4 m which is obviously too small. The same argument can be turned the other way round. Using the present size of the universe a 0 = 1. 32 10 26 m, we find that its size at the Planck time is a(t P ) = 5.52 10 −6 m which is much larger than the Planck length l P by a factor ∼ 10 29 . It is instructive to recover this result in a slightly different, but equivalent, manner. Since ρ rad (t)a(t) 4 is conserved during the evolution of the universe, we have ρ(t P )a(t P ) 4 = ρ rad,0 a 4 0 . Writing ρ rad,0 = Ω rad,0 ρ 0 , and using Eq. (47), we obtain
Since
the foregoing equation can be rewritten
Since H 0 t P = 1.22 10 −61 (meaning that the Hubble time 1/H 0 is tremendously larger than the Planck time t P ), we see that
The fact that a(t P ) ≫ l P makes problem [38] . One must find a mechanism to bring the "size" of the universe from l P = 1.62 10 −35 m to a(t P ) = 6.28 10 −6 cm in a very short lapse of time. This can be achieved with the inflationary scenario. The usual inflationary scenario is based on the equation of state p = −ρc 2 (vacuum energy). As we have seen in Sec. II E 4, this implies that ρ and H are constant so that the scale factor increases exponentially
so that the exponential time scale is of the order of the Planck time. This solves the above-mentioned problem [38] . In the following sections, we show that a polytropic equation of state with n > 0 produces similar results and leads to simple cosmological models unifying the phases of inflation and radiation.
III. GENERALIZED EQUATION OF STATE WITH POSITIVE INDEX
We consider a generalized equation of state of the form
This equation of state was introduced in our previous paper [47] for the specific index n = 1. This is the sum of a standard linear equation of state p = αρc 2 and a polytropic equation of state p = kρ γ c 2 , where k is the polytropic constant and γ = 1 + 1/n is the polytropic index. Concerning the linear equation of state, we assume −1 ≤ α ≤ 1 (the case α = −1 is treated specifically in Appendix A). This equation of state describes radiation (α = 1/3), pressureless matter (α = 0), and vacuum energy (α = −1). Concerning the polytropic equation of state, we remain very general. This polytropic equation of state may correspond to self-gravitating BECs with repulsive (k > 0) or attractive (k < 0) self-interaction (the standard BEC model corresponds to n = 1) [47] , but it may have another origin.
For an equation of state of the form (55) with positive index n > 0, the polytropic component dominates the linear component when the density is high. These models, studied in the present paper, describe the early universe. Conversely, when n < 0, the polytropic component dominates the linear component when the density is low. These models, studied in Paper II, describe the late universe. As will be discussed in detail in Paper II, these two situations are strikingly similar. They reveal a form of "symmetry" between the early and the late universe. In Papers I and II, we assume that α + 1 + kρ 1/n ≥ 0. This corresponds to the "normal" case where the density decreases with the radius (see below). The opposite case α + 1 + kρ 1/n ≤ 0, leading to a "phantom universe" where the density increases with the radius, is considered in Paper III.
The purpose of our series of papers is to make an exhaustive study of all the possible cases (α, n, k), even if some of them seem to be unphysical or in conflict with the known properties of our universe. Actually, by rejecting the cases leading to past or future singularities, we will be led naturally to the "good" model (see Paper II). 
Assuming α + 1 + kρ 1/n ≥ 0, this equation can be integrated into
where ρ * = [(α + 1)/|k|] n and a * is a constant of integration. The upper sign corresponds to k > 0 (repulsive self-interaction) and the lower sign corresponds to k < 0 (attractive self-interaction). We may draw a parallel between these two types of distributions and the statistics of fermions (+) and bosons (−). For k > 0, the density is defined only for a > a * . When a → a * ,
When a → +∞, ρ/ρ * ∼ (a * /a) 3(1+α) → 0 corresponding to the linear equation of state. In the same limits, p → +∞ and p → 0, respectively.
For k < 0, the density is defined for all a. When a → 0, the density tends to a finite value ρ * When a → +∞, ρ ∼ ρ * (a * /a) 3(1+α) → 0 corresponding to the linear equation of state. In the same limits, p → −ρ * c 2 and p → 0, respectively.
Some curves giving the evolution of the density ρ as a function of the scale factor a are plotted in Fig. 2 for k > 0 and k < 0.
B. The temperature
For the equation of state (55), the thermodynamical equation (16) becomes
This equation can be integrated into
where T * is a constant of integration. This relation between the temperature and the density can be viewed as a generalized Stefan-Boltzmann law. Combined with Eq. (57), we obtain
Let us consider some asymptotic limits. When a ≫ a * , Eq. (61) reduces to
returning Eq. (32) for a linear equation of state. As we have already indicated, in this regime, the temperature decreases to zero when α > 0 and increases to +∞ when α < 0. When α = 0, it tends to a constant value T * . When k > 0 and a → a * ,
When k < 0 and a → 0,
The extremum of temperature (when it exists) is located at
T e T * = ∓ nα (α + 1)(n + 1)
Some curves giving the evolution of the temperature T as a function of the scale factor a are plotted in Figs. 3 and 4 for k > 0 and k < 0. Finally, the entropy (18) is given by
and we explicitly check that it is a constant. 
C. The equation of state parameter w(t)
We can rewrite the equation of state (55) as p = w(t)ρc 2 with
We define
corresponding to a possible point where the pressure vanishes (w = 0). For k > 0, w → +∞ when a → a * and w → α when a → +∞. For α > 0, the pressure is always positive (w > 0). For α < 0, the pressure is positive when a * < a < a w and negative when a > a w . For k < 0, w → −1 when a → 0 and w → α when a → +∞. For α < 0, the pressure is always negative (w < 0). For α > 0, the pressure is negative when a < a w and positive when a > a w .
Some curves giving the evolution of w as a function of the scale factor a are plotted in Figs. 5 and 6 for k > 0 and k < 0.
D. The velocity of sound
For the equation of state (55), the velocity of sound is given by
The velocity of sound vanishes at the point defined by Eqs. (65)- (67) where the temperature is extremum. At that point the pressure is extremum with value
The case c 2 s < 0 corresponds to an imaginary velocity of sound. We define
T s T * = ± n(1 − α) (α + 1)(n + 1)
corresponding to a possible point where the velocity of sound is equal to the speed of light. Different cases have to be considered. We first assume k > 0. When a → a * , (c s /c) 2 → +∞; when a → +∞, (c s /c) 2 → α. For α > 0, c 2 s is always positive. For α < 0, c 2 s is positive when a * < a < a e and negative when a > a e . The velocity of sound is larger than the speed of light when a * < a < a s and smaller when a > a s .
We now assume k < 0. When a → 0, (c s /c) 2 → −(α + n + 1)/n; when a → +∞, (c s /c) 2 → α. For α < 0, c 2 s is always negative. For α > 0, c 2 s is negative when a < a e and positive when a > a e . For α ≤ 1, the velocity of sound is always smaller than the speed of light.
Some curves giving the evolution of (c s /c) 2 as a function of the scale factor a are plotted in Figs. 5 and 6 for k > 0 and k < 0.
IV. EVOLUTION OF THE SCALE FACTOR A. The deceleration parameter
The deceleration parameter is defined by
The universe is decelerating when q > 0 and accelerating when q < 0. Using the Friedmann equations (13) and (14), we obtain for a flat universe
For the equation of state (55), using Eq. (69), we get
We define a critical density, scale factor, and temperature
corresponding to a possible inflexion point (q =ä = 0) in the curve a(t). Different cases have to be considered. We first assume k > 0. When a → a * , q → +∞; when a → +∞, q → (1 + 3α)/2. For α > −1/3, the universe is always decelerating (q > 0). For α < −1/3, the universe is decelerating when a * < a < a c and accelerating when a > a c .
We now assume k < 0. When a → 0, q → −1; when a → +∞, q → (1 + 3α)/2. For α < −1/3, the universe is always accelerating (q < 0). For α > −1/3, the universe is accelerating when a < a c and decelerating when a > a c .
Some curves giving the evolution of q as a function of the scale factor a are plotted in Figs. 5 and 6 for k > 0 and k < 0.
B. The differential equation
The temporal evolution of the scale factor a(t) is determined by the Friedmann equation (14) . Introducing the normalized radius R = a/a * , the density (57) can be written
Substituting this expression in Eq. (14), we obtain the differential equatioṅ
where K = (8πGρ * /3) 1/2 and ǫ = ±1. In general, we shall select the sign ǫ = +1 corresponding to an expanding universe (Ṙ > 0). The solution can be written as
or, after a change of variables x = R 3(1+α)/n , as
The integral can be expressed in terms of hypergeometric functions. Some simple analytical expressions can be obtained for specific values of n. Actually, we can have a good idea of the behavior of the solution of Eq. (83) by considering asymptotic limits (see below). The complete solution is represented in the figures by solving Eq. (83) numerically.
C. The case k > 0
The universe starts from a primordial singularity at t = 0 (see below for a revision of this statement) with a finite radius R = 1 and an infinite density, pressure, and temperature. When t → 0,
Then, the universe expands indefinitely. When t → +∞, the density decreases to zero and we recover the solution corresponding to a linear equation of state
For α > −1/3, the universe is always decelerating (R < 0). For α < −1/3, the universe is decelerating for R < R c = [−2/(1+3α)] n/[3(1+α)] and accelerating for R > R c . The velocity of sound is less than the speed of light when
the general solution of Eq. (83) is
For α < −1/3, the time t c at which the universe starts accelerating is given by
(94) The time t i at which the velocity of sound is equal to the speed of light is given by
This gives the time at which the physical universe begins. It may be meaningless to consider smaller times because the velocity of sound is greater than the speed of light. For n = 2, the general solution of Eq. (83) is
Typical evolutions of the scale factor R(t) corresponding to α < −1/3, α = 1/3, and α > 1/3 are represented in Fig. 7 . The universe starts from t → −∞ with a vanishing radius R = 0, a vanishing temperature T = 0, and a finite density ρ = ρ * . When t → −∞,
This corresponds to an exponential expansion (early inflation) due to the fact that the density is approximately constant. The universe expands indefinitely. When t → +∞, the density decreases to zero and we recover the solution (89)-(91) corresponding to a linear equation of state. For α < −1/3, the universe is always accelerating (R > 0). For α > −1/3, the universe is accelerating when R < R c = [2/(1 + 3α)] n/[3(1+α)] and decelerating when R > R c . In this model, the velocity of sound is always less than the speed of light.
For n = 1, using the identity
where C is a constant of integration. For α > −1/3, the time t c at which the universe starts decelerating is given by
When t → −∞, we obtain from Eq. (99) the asymptotic behavior
with D = 2(C + ln 2 − 1)/[3(1 + α)]. For n = 2, the general solution of Eq. (83) is
Typical evolutions of R(t) corresponding to α < −1/3, α = 1/3, and α > 1/3 are represented in Fig. 8 . 
V. A MODEL OF NON-SINGULAR INFLATIONARY UNIVERSE
The generalized equation of state (55) with n > 0 and k < 0 can be used to describe the transition between a phase of early inflation where the density of the universe is constant (ρ = ρ * ) and a phase where the universe has a linear equation of state (p = αρc 2 ). Therefore, if we take α = 1/3, it describes the transition between the pre-radiation era and the radiation era. This provides a model of non-singular inflationary universe. For simplicity, we shall take n = 1 (in the BEC model, this corresponds to the standard index [47] ).
A. The basic equations
For α = 1/3, n = 1, and k < 0, Eqs. (55), (57), (60) , and (61) become
where ρ * = 4/(3|k|), and we have noted a 1 for a * . When a ≪ a 1 , the density has a constant value ρ ≃ ρ * . This gives rise to a phase of early inflation. The value ρ * defines a fundamental upper bound ρ max for the density. It is natural to identify it with the Planck density ρ P = 5. 16 10 99 g/m 3 (see Sec. II F). This is how quantum mechanics is taken into account in our model. Since the Planck density is obtained from a pure dimensional analysis, we should write ρ * = κρ P , where κ is a constant of order unity (actually, the Planck constant should be defined so as to correspond exactly to ρ max ). For simplicity, we shall take
This fixes the constant k = −4/(3ρ P ). If the preradiation era is made of BECs, this relation determines the ratio between the coupling constant λ < 0 of the bosons and their mass m (see Appendix B). When a ≫ a 1 , we can make the approximation ρ/ρ P ∼ (a 1 /a) 4 . This correspond to the radiation era described by an equation of state p = ρc 2 /3. The conservation of ρ rad a 4 implies that ρ P a 
Using Eq. (52), we get
The value of the characteristic length a 1 is a 1 = 2.61 10 −6 m.
It provides a lengthscale that is intermediate between the Planck length l P = 1.62 10 −35 m and the present size of the universe a 0 = 1.32 10 26 m. It corresponds to the typical size of the universe at the end of the inflationary phase (or at the beginning of the radiation era). On the other hand, in the radiation era, Eq. (105) reduces to ρc 2 ∼ ρ P c 2 (T /T * ) 4 , so we can identify ρ P c 2 /T 4 * with the Stefan-Boltzmann constant σ. Using Eq. (40), this yields
Numerically, T * = 1.11T P = 1.57 10 32 K. Regrouping these results, we obtain the basic equations of the non-singular model
The entropy (68) is given by
Numerically, S/k B = 5.04 10 87 . Finally, we note that
P . As the universe expands from a = 0 to a = +∞, the density decreases from ρ P to 0, the equation of state parameter w increases from −1 to 1/3, the deceleration parameter q increases from −1 to 1, and the ratio (c s /c) 2 goes from −7/3 to 1/3. The temperature starts at T = 0, reaches a maximum and decreases to zero.
B. The inflationary phase
During the inflationary phase (a ≪ a 1 ), the density has an approximately constant value ρ ≃ ρ P . The corresponding Hubble parameter is
Numerically, ρ = 5.16 10 99 g/m 3 and H = 5.37 10 43 s −1 . Integrating Eq. (118), we find that the scale factor increases exponentially rapidly with time as
We have determined the constant of integration such that a(t = 0) = l P . This universe exists at any time in the past, so there is no singularity. When t < t i = 0, the radius of the universe is smaller than the Planck length l P = 1.62 10 −35 m and it tends to zero exponentially rapidly when t → −∞. When t ≥ t i = 0, the radius of the universe increases exponentially rapidly on a timescale of the order of the Planck time t P = 5.39 10 −44 s. This phase of inflation connects the pre-radiation era to the radiation era on a very short interval of time (of the order of a few Planck times). We call t 1 the time at which the scale factor a(t) reaches the value a 1 = 2.61 10 −6 m. Using the approximate expression (119) of the scale factor during the inflationary phase, we obtain
Numerically, t 1 = 23.2 t P = 1.25 10 −42 s. This time corresponds typically to the end of the inflation. Therefore, during the inflation, the radius increases exponentially rapidly from a i = l P = 1. 62 10 −35 m at t = t i = 0 to a = a 1 = 2.61 10 −6 m at t = t 1 = 1.25 10 −42 s. On the other hand, in the inflationary phase, the temperature is related to the density and to the scale factor by
Using the approximate expression (119), we find that the temperature increases exponentially rapidly with time as
When t < t i = 0, the temperature is less than T i = 3.91 10 −205 T P = 5.54 10 −173 K, and it tends to zero exponentially rapidly when t → −∞. Therefore, the preradiation era is extremely cold (this is consistent with the BEC model which assumes T = 0 [47] ). When t ≥ t i = 0, the temperature increases exponentially rapidly. It passes from T = T i = 5. 54 10 −173 K at t = t i = 0 to T = T 1 = 1.11 T P = 1. 57 10 32 K at t = t 1 = 1.25 10 −42 s. These values are based on the asymptotic results (119) and (122). They will be slightly revised in Sec. V D using the exact solution (128) of the Friedmann equations.
C. The radiation era
After the inflation (a ≫ a 1 ), the universe enters in the radiation era. In that case, the quadratic pressure (∝ −ρ 2 ) is negligible as compared to the pressure of radiation (p ∝ ρ) and we recover the standard radiation model of Sec. II E 2. The density is related to the scale factor by ρ ∼ ρ P a 4 1 /a 4 . The Friedmann equation (14) becomes
yielding
Using the approximate expression (124) of the scale factor during the radiation era, we find that the time at which a = a 1 is
Numerically, t 1 = 0.173 t P = 9.31 10 −45 s. This marks the beginning of the radiation era. Again, this numerical value will be revised in Sec. V D. We also have
During the radiation era, the density and the temperature decrease algebraically as the universe expands.
D. The general solution
The equation of state (112) interpolates smoothly between the pre-radiation era described by a constant density ρ = ρ P (vacuum energy) and the radiation era described by a density ρ ∝ a −4 . It provides therefore a unified description of the early universe. Using the results of Sec. IV D, the general solution of the Friedmann equation (14) is [47] :
where C is a constant of integration. It is determined such that a = l P at t = 0. Setting
we get
Numerically, ǫ = 6.20 10 −30 and C = −134. For t → −∞, we have the exact asymptotic result
with D = (C + ln 2 − 1)/2. Due to the smallness of ǫ, a very good approximation of C and D is given by C ≃ 1 − ln 2 + 2 ln ǫ and D ≃ ln ǫ. With this approximation, Eq. (131) returns Eq. (119). At t = t i = 0, The dashed line corresponds to the standard radiation model of Sec. II E 2 exhibiting a finite time singularity at t = 0 (Big Bang). When quantum mechanics is taken into account (as in our simple model), the initial singularity is smoothed-out and the scale factor at t = 0 is equal to the Planck length lP = 1. 62 10 −35 m. This is similar to a second order phase transition where the Planck constant plays the role of finite size effects (see Sec. VII for a development of this analogy).
Numerically, a i = l P = 1.62 10 −35 m, ρ i ≃ ρ P = 5. 16 10 99 g/m 3 , and T i = 3.91 10 −205 T P = 5.54 10 −173 K. Using the results of Sec. IV A, we find that the universe is accelerating for a < a c (i.e. ρ > ρ c ) and decelerating for a > a c (i.e. ρ < ρ c ) where The corresponding temperature is
The time t c at which the universe starts decelerating is given by
This is the time at which the curve a(t) presents an inflexion point. It turns out that this inflexion point coincides with a 1 (this property is true only for α = 1/3). Therefore, it coincides with our definition of the end of the inflation: t c = t 1 . Numerically, ρ c = ρ 1 = 0.5 ρ P = 2.58 10 99 g/m 3 , a c = a 1 = 2.61 10 −6 m, T c = T 1 = 0.278 T P = 3.93 10 31 K, and t c = t 1 = 23.3 t P = 1.25 10 −42 s. 13 . Evolution of the temperature T with the time t in logarithmic scales. For t ≤ 0, the universe is extremely cold (T < 10 −173 K). During the inflation, the temperature increases by 204 orders of magnitude in less than 10 −42 s. During the radiation era, the temperature decreases algebraically. The temperature starts from T = 0 at t → −∞, increases exponentially rapidly during the inflation, reaches a maximum value, and decreases algebraically during the radiation era. Using the results of Sec. III B, we find that the point corresponding to the maximum temperature is
T e = 7 8
It is achieved at a time t e = 3 8π
Numerically, ρ e = 0.125 ρ P = 6.44 10 98 g/m 3 , a e = 1.63a 1 = 4.24 10 −6 m, T e = 0.523 T P = 7.40 10 31 K, and t e = 23.6 t P = 1.27 10 −42 s. The evolution of the scale factor, density and temperature as a function of time are represented in Figs. 9-14 in logarithmic and linear scales.
E. Summary
In this model, the universe starts at t → −∞ with a vanishing radius a = 0, a finite density ρ = ρ P = 5. 16 10 99 g/m 3 , and a vanishing temperature T = 0. The universe exists at any time in the past and does not present any singularity. It has been called "aioniotic" universe in [47] since it has no origin nor end. To make contact with the Big Bang theory, we define the "original" time t = t i = 0 as the time at which the radius of the universe is equal to the Planck length. Thus a i = l P = 1.62 10 −35 m. The corresponding density and temperature are ρ i ≃ ρ P = 5. 16 10 99 g/m 3 and T i = 3.91 10 −205 T P = 5.54 10 −173 K. We note that quantum mechanics regularizes the finite time singularity that arises in the standard Big Bang theory. This is similar to finite size effects in second order phase transitions (see Sec. VII). We also note that the universe is very cold at t = t i = 0, unlike what is predicted by the Big Bang theory (a naive extrapolation of the law T ∝ t (127)]. The temperature achieves its maximum value T e = 0.523 T P = 7.40 10 31 K at t = t e = 23.6 t P = 1.27 10 −42 s. At that moment, the density of the universe is ρ e = 0.125 ρ P = 6. 44 10 98 g/m 3 and its radius a e = 1.63 a 1 = 4.24 10 −6 m. During the inflation, the universe is accelerating and during the radiation era it is decelerating. The transition takes place at a time t c = t 1 = 23.3 t P = 1. 25 10 −42 s coinciding with the end of the inflation (i.e. a c = a 1 ).
We note that the inflationary process described above is relatively different from the usual inflationary scenario [37, 38] . In standard inflation, the universe is radiation dominated up to t i = 10 −35 s, but expands exponentially by a factor 10 30 in the interval t i < t < t f with t f = 10 −33 s. For t > t f the evolution is again radiation dominated. At t = t i the temperature is about 10 27 K (this corresponds to the epoch at which most "grand unified theories" have a significant influence on the evolution of the universe). During the exponential inflation, the temperature drops drastically; however, the matter is expected to be reheated to the initial temperature of 10 27 K by various high energy processes [64] . In the inflationary process described previously, the evolution of the temperature is different.
Remark: Of course, our definition of the "original" time t = 0, corresponding to a(0) = l P , is relatively arbitrary. What essentially matters is the evolution of the different variables on a tiny interval of time of the order of 20t P .
VI. A MODEL OF NON-INFLATIONARY UNIVERSE WITH A NEW TYPE OF INITIAL SINGULARITY
The equation of state (55) with n > 0 and k > 0 leads to a model of non-inflationary universe with a new type of initial singularity. We take the same values of α, n, ρ * , a 1 and T * as in the previous section. We also take k = 4/(3ρ P ). The basic equations of the singular model are
The entropy is still given by Eq. (117). As the universe expands from a = a 1 to +∞, the density and the temperature decreases from +∞ to 0, the parameter w decreases from +∞ to 1/3, the deceleration parameter q decreases from +∞ to 1, and the ratio (c s /c) 2 decreases from +∞ to 1/3.
For the equation of state (140), using the results of Sec. IV C, the general solution of the Friedmann equation (14) is [45, 47] : There is no inflation since the universe already starts with a "large" radius a1 = 2.61 10 −6 m. However, the initial condition is singular since the density and the temperature are infinite. The universe starts from a singularity at t = 0. The initial radius of the universe is finite (with the value a(0) = a 1 = 2.61 10 −6 m) but the initial density and the initial temperature are infinite. The universe is always decelerating. The density and the temperature decrease indefinitely as the universe expands. There is no inflation since the universe starts with a "large" radius a 1 ≫ l P . When t → 0, When t ≫ t P , the universe enters in the radiation era. In that case, we recover the results of Sec. V C. The condition that the velocity of sound must be less than the speed of light imposes a maximum bound on the density. Using the results of Secs. III D and IV C, we find that the physical universe starts at a time
At this time, its radius, density and temperature are
For t < t i , the solution (145) may be unphysical because the velocity of sound is larger than the speed of light. Numerically, ρ i = 0.25 ρ P = 1. 29 
VII. ANALOGY WITH PHASE TRANSITIONS
The standard Big Bang theory is a classical theory in which quantum effects are neglected. In that case, it exhibits a finite time singularity: The radius is equal to zero at t = 0 while the density and the temperature are infinite. For t < 0, the solution is not defined and we may take a = 0. For t > 0 the radius increases as a ∝ t 1/2 . This is similar to a second order phase transition if we view the time t as the control parameter (e.g. the temperature T ) and the scale factor a as the order parameter (e.g. the magnetization M ). It is amusing to note that the exponent 1/2 is the same as in mean field theories of second order phase transitions (i.e. M ∼ (T − T c ) 1/2 ) but this is essentially a coincidence.
When quantum mechanics effects are taken into account, as in the simple model of Sec. V, the singularity at t = 0 disappears and the curves a(t), ρ(t) and T (t) are regularized. In particular, we find that a = l P > 0 at t = 0, instead of a = 0, due to the finite value ofh. This is similar to the regularization due to finite size effects (e.g. the system size L or the number of particles N ) in ordinary phase transitions. In this sense, the classical regimeh → 0 is similar to the thermodynamic limit (L → +∞ or N → +∞) in ordinary phase transitions. The singularity at t = 0 is replaced by an inflationary expansion from the pre-radiation era to the radiation era. We can draw an analogy with second order phase transitions where the Planck constant plays the role of finite size effects (see the text for details). To study the convergence toward the classical Big Bang solution whenh → 0, it is convenient to use a proper normalization of the parameters. We callh 0 = 1.05 10 −34 J s the true value of the Planck constant (in this section, the subscript 0 refers to true values of the parameters). Then, we express time in terms of t 0 P and lengths in terms of a 0 1 . We introduceâ = a/a 0 1 andt = t/t 0 P . Using l P = ct P and Eq. (108), we obtain
whereĥ =h/h 0 . Therefore
where ǫ 0 = l 
where C(ǫ) is defined by Eq. (130). This equation describes a phase transition between the pre-radiation era and the radiation era. The normalized Planck constant h plays the role of finite size effects. Finite size scalings are explicit in Eq. (154). Forĥ = 1, we recover the non-singular model of Sec. V. Forĥ = 0, we recover the singular radiation model of Sec. II E 2 (Big Bang). The convergence towards this singular solution asĥ → 0 is shown in Fig. 21 . We can make the same study for the model of Sec. VI although the analogy with phase transitions with finite size effects is less clear since this model remains singular for finite values of the Planck constant. Nevertheless, we have represented the effect of quantum mechanics on the form of the curve a(t) in Fig. 22 . For finite values ofh, using Eq. (145), the evolution of the scale factor is given by
At t = 0, the scale factor isâ(0) =ĥ 1/4 .
VIII. CONCLUSION
In this paper, we have carried out an exhaustive study of the generalized equation of state (55) for positive indices n > 0. For α = 1/3, n = 1 and k = −4/(3ρ P ), this equation of state describes in a unified manner the transition between the pre-radiation era (ρ = ρ P ) and the radiation era (ρ ∝ a −4 ) in the early universe. It provides a model of early inflation. The case of negative indices n < 0 is treated in Paper II. For α = 0, n = −1 and k = −ρ Λ , where ρ Λ is the cosmological density, this equation of state describes in a unified manner the transition between the matter era (ρ ∝ a −3 ) and the dark energy era (ρ = ρ Λ ) in the late universe. It provides a model of late inflation. Combining these two approaches, we obtain a simple non-singular model for the whole evolution of the universe based on two symmetric polytropic equations of state (see Paper II).
When we started our study, we were mainly interested in the equation of state p = (αρ + kρ 2 )c 2 introduced in our previous paper [47] . This equation of state was obtained in the context of Bose-Einstein condensates, assuming that they are the constituents of dark matter. Although BECs should form after the radiation era when the universe has cooled sufficiently, we wondered whether this equation of state could have some sense before the radiation era. In that picture, the pre-radiation era would correspond to primordial BECs with attractive self-interaction λ ∼ −(m/M P )
4 (see Appendix B). Since the pre-radiation era is extremely cold (see Sec. V), the BEC model (which assumes T = 0) may be an interesting suggestion to develop further.
However, we progressively realized that the study of a generalized equation of state of the form p = (αρ + kρ 1+1/n )c 2 was of interest beyond the context of BECs. Therefore, our present point of view is more general. We believe that the equation of state (55) may have several origins that should be discussed in future works. By studying this equation of state in full generality, we realized that the positive indices n > 0 describe the early universe while the negative indices n < 0 describe the late universe. Furthermore, a positive polytropic pressure (k > 0) leads to past or future singularities (or peculiarities) while a negative polytropic pressure (k < 0) leads to non-singular models. They exhibit phases of early and late inflation associated with a maximum density ρ max = ρ P (Planck density) corresponding to the vacuum energy in the past and a minimum density ρ min = ρ Λ (cosmological density) corresponding to the dark energy in the future. Therefore, in the polytropic model, the description of the early and late universe appears to be very "symmetric". This result is obtained in a purely theoretical manner, without reference to observations. Strikingly, this symmetry is consistent with what we know about the real universe. This point will be further developed in Paper II.
Another motivation of our study was to discuss some aspects of the history of science and publicize (in the same vein as [1, 2] ) the important contributions of Lemaître in cosmology, which may not be sufficiently recognized. They include: 1. The first correct understanding of the mysterious de Sitter model [14] ; 2. The re-discovery of the Friedmann equations and their thermodynamical interpretation [15] ; 3. The instability of the Einstein static universe [15] ; 4. The interpretation of the redshifts as a results of the expansion of the universe in accord with the Einstein theory of relativity [15] ; 5. The discovery of the Hubble law and the calculation of the Hubble constant two years before Hubble [15] ; 6. The basis of Newtonian cosmology [29, 58] ; 7. The correct place of the cosmological constant in the Poisson equation [4] ; 8. The importance of the cosmological constant and its interpretation in terms of a vacuum energy density [58] ; 9. The notion of a primordial singularity (primeval atom) that finally led to the Big Bang theory [27, 29, 30] ; 10. The importance of quantum mechanics in the early universe [36] . Some other important contributions of Lemaître have been collected recently in [65] . In this Appendix, we specifically study the equation of state (55) with α = −1, n > 0, and k > 0, namely
It generalizes the equation of state p = −ρc 2 of the vacuum. For the equation of state (A1), the continuity equation (12) can be integrated into
where ρ * = (n/3k) n and a * is a constant of integration. The density is defined for a ≥ a * . When a → a * , ρ → +∞ and p → +∞; when a → +∞, ρ → 0 and p → 0.
The thermodynamical equation ( 
where T * is a constant of integration. Combined with Eq. (A2), we obtain
When a → a * and a → +∞, T → +∞. The temperature has a minimum at ρ e ρ * = 3 n + 1 n , a e a * = e (n+1)/3 ,
T e T * = 3 n + 1 n+1 e n+1 .
The evolution of the density and temperature as a function of the scale factor is plotted in Fig. 23 (A8) When a → a * , w → +∞; when a → +∞, w → −1. The pressure is positive for a * < a < a w and negative for a > a w .
The deceleration parameter is given by Eqs. (77) and (78). Together with Eq. (A7), we obtain
The curve a(t) presents an inflexion point (ä = q = 0) at ρ c ρ * = 2 n n , a c a * = e n/2 , T c T * = 2 n n+1 e 3n/2 .
(A10) When a → a * , q → +∞; when a → +∞, q → −1. The universe is decelerating when a * < a < a c and accelerating when a > a c .
Finally, the velocity of sound is given by 
The velocity of sound vanishes at the point defined by Eqs. (A5)-(A6) at which the temperature reaches its minimum. At that point, the pressure is minimum with value p e ρ * c 2 = − 3 n (n + 1) n+1 .
When a → a * , (c s /c) 2 → +∞; when a → +∞, (c s /c) 2 → −1. The velocity of sound is real when a * < a < a e and imaginary when a > a e . On the other hand, the velocity of sound is equal to the speed of light at
For n = 1, this corresponds to the point at which the pressure vanishes (w = 0). The velocity of sound is larger than the speed of light when a * < a < a s and smaller when a > a s . The evolution of w, q, and (c s /c) 2 as a function of the scale factor a is represented in Fig. 24 .
Setting R = a/a * , the Friedmann equation (14) can be writtenṘ
where K = (8πGρ * /3) 1/2 . Its solution is R(t) = e ( 
where we have determined the constant of integration such that R = 1 at t = 0. The density and the temperature evolve as
T (t) T * = n + 2 2 Kt .
(A18)
The universe starts at t = 0 with a radius R = 1 and an infinite density and infinite pressure. Then, the universe expands indefinitely while the density decreases to zero. The physical solution, for which the velocity of sound is smaller than the speed of light, starts at t = t i where Kt i = [2/(n + 2)][(n + 1)/6] (n+2)/2 . For n = 1, this corresponds to the time at which the pressure becomes negative. The expansion of the universe is decelerating when t < t c and accelerating when t > t c , where Kt c = [2/(n + 2)](n/2) (n+2)/2 . The velocity of sound becomes imaginary when t > t e , where Kt e = [2/(n + 2)][(n + 1) /3] (n+2)/2 . This corresponds to the time at which the temperature reaches its minimum. The evolution of the scale factor with time is plotted in Fig. 25 . maximum density is ρ * = 4/(3|k|). If we assume that this "fluid" is made of BECs, then, using Eq. (B3-b) , we obtain ρ * = κρ P , with κ = 16 3
Assuming that ρ * = ρ max is of the order of the Planck density ρ P , i.e. κ ∼ 1, we find that the coupling constant of the BEC scales as λ ∼ −(16/3)(m/M P ) 4 . Of course, the nature of these "primordial" BECs remains highly speculative. It is possible that this BEC description is just an effective one.
